Abstract: We present a conjecture for the leading 1/N anomalous dimension of the scalar primary operator in SU (N ) k Chern-Simons theories coupled to a single fundamental field, to all orders in λ = N k . We show that our conjecture is consistent with all existing two-loop perturbative results, which constrain its form at both weak and strong coupling thanks to the bosonization duality. Our conjectured results for the quasi-bosonic and quasi-fermionic theories satisfy an all-loop relation that was previously derived in the literature which gives it a further nontrivial check. We also present a two-loop calculation of the anomalous dimension of the scalar primary j 0 in the bosonic theory, which provides an additional test of our conjecture.
Introduction and Summary of Results
U (N ) k Chern-Simons theories coupled to a single fundamental field are an important class of conformal field theories that can be solved in the large N limit [1, 2] . As emphasized in [3, 4] four such theories exist depending on the choice of fundamental matter, which can be divided into two classes: quasi-fermionic and quasi-bosonic. The quasi-fermionic class includes the theory with one species of fundamental fermions as matter and the theory with critical (Wilson-Fisher) bosons as matter. Both these theories are believed to be related by a strong-weak coupling duality [3] [4] [5] [6] [7] [8] [9] [10] . The quasi-bosonic class includes the theory with matter as (non-critical) bosons and the theory with critical (Gross-Neveu) fermions as matter. Again, both these theories are related by strong-weak duality, discussed extensively in [11] . See also, e.g., [12] [13] [14] [15] [16] [17] [18] [19] [20] for additional tests and discussion of the bosonization duality.
Quite interestingly, these dualities were first conceived based on certain observations from the holographic duals of the Vasiliev theories in AdS 4 space-time [21] [22] [23] [24] [25] [26] . The supersymmetric cousins of these theories have also received extensive research attention in the past decade. Especially, the N = 2 supersymmetric Chern-Simons matter theory which possesses a self dual invariance [27] [28] [29] is known to generalize the so-called Giveon-Kutosov duality [27, 30] . The exact solvability of these theories in the large N limit has led to the determination of various physical quantities such as the thermal partition function [6, 7, 9, 18, [31] [32] [33] [34] [35] [36] [37] and S-matrix [12, 20, [38] [39] [40] [41] . Vacuum and the finite temperature correlation functions of the gauge invariant operators in these theories were studied in [4, 5, [42] [43] [44] [45] [46] [47] [48] . Chern Simons matter theories were recently examined in the presence of a background magnetic field in [49] . Furthermore, finite N generalization of some of the above mentioned dualities are discussed in [10, 13, 17, [50] [51] [52] [53] [54] [55] [56] .
The theories that are of interest to us in the present article are the quasi-bosonic and quasi-fermionic theories mentioned earlier. An important feature of these theories is that they contain a very sparse spectrum of single-trace primary operators. There is exactly one single-trace primary operator for each spin s, which we denote as j s . When λ = 0, these currents are exactly conserved, and therefore have scaling dimensions given by the unitarity bound ∆ s = s + 1 for nonzero s. As argued in [1, 2] , a simple argument based on conformal representation theory implies that the scaling dimensions of these currents are protected in the large N limit, even when λ = 0. The leading corrections to the scaling dimensions are proportional to 1/N :
For operators with spin s = 0, the scaling dimensions can be determined from planar three-point functions using the slightly broken higher-spin symmetry [3] of the theory [57] .
The results and methods of [57] rely on slightly-broken higher-spin symmetry [58] [59] [60] , and are valid only for s = 0. Although it is possible to analytically continue the formulas derived in [57] , this gives us a result that is inconsistent with perturbative computations (which are possible at both weak and strong coupling thanks to the bosonization duality). Hence the leading 1/N correction to the anomalous dimension of the scalar primary j 0 remains unknown at present. This quantity is interesting for a variety of reasons. As argued in [11] , it plays an important role in determining the fixed point for the φ 6 coupling in the quasi-bosonic family of theories at 1/N . In condensed matter physics, the scaling dimension of j 0 also determines an experimentally-measurable critical exponent for certain quantum Hall phase transitions [61] [62] [63] [64] , although for comparison to experiment one would require N finite and small. In this sense, the anomalous dimension of the scalar primary is one of the simplest physical observables for our theory, and it is rather striking that it remains unknown.
In principle, an exact Feynman diagram calculation could be performed to calculate the anomalous dimension of j 0 to all orders in λ using the light-cone gauge, (as discussed in [65] ) but this is not a possibility at present for what appear to be insurmountable technical reasons. In particular, one of the crucial ingredients, the exact ladder diagram [4, 8] , is not known off-shell.
Here, motivated by the results [57] for γ s , and perturbative calculations, including a new a calculation of the two-loop anomalous dimension of the scalar primary in the theory coupled to fundamental bosons that appears in the Appendix, we are able to conjecture an all-orders expression for the anomalous dimension s = 0. We will show that this conjecture passes several non-trivial consistency checks.
In case our conjecture is not correct, we will argue that it can still be thought of as a two-sided Padé approximation, which makes use of perturbative data at both weak and strong coupling, in the spirit of S-duality improved perturbation theory [66] . Of course, this is only possible because of the bosonization duality.
Parameters and Theories
Let us carefully review the theories under study and their relations via RG flow and bosonization duality.
The quasi-bosonic family of theories flows to the quasi-fermionic family of theories under RG flow. In [3] , the quasi-bosonic family is described by three parameters 1λ QB , N QB andλ 6,QB ; and the quasi-fermionic family is described by two parametersλ QF and N QF . The parameterÑ is defined via the two-point function of the stress-energy tensor, and is a measure of the number of degrees of freedom of each theory -we will only be interested in the largeÑ limit and the first non-trivial 1/Ñ corrections. In this limit, the spectrum is independent of the parameterλ 6,QB so we will ignore it in the discussion that follows.
The celebrated bosonization duality states that each family of theories has two verydifferent-looking descriptions. The quasi-bosonic family can be described as a theory of N b complex bosons transforming in the fundamental representation of U (N b ), coupled to a level-κ b Chern-Simons gauge field. It can also be described as a theory of N f Dirac "critical" fermions, in the fundamental representation of U (N f ) coupled to a level κ f Chern-Simons gauge field. The quasi-fermionic family can be described as a theory of N b critical complex bosons transforming in the fundamental representation of U (N b ), coupled to a level-κ b Chern-Simons gauge field. It can also be described as a theory of N f Dirac fermions, in the fundamental representation of U (N f ) coupled to a level κ f Chern-Simons gauge field.
This duality is well-tested in the large N b/f limit, with
held fixed. In this limit we have the following relation between the parameters:
Because N b/f and κ b/f are integers (or half-integers), the parameters λ b/f and N b/f do not run under RG flow from quasi-bosonic theory to quasi-fermionic theory. Under RG flow, the quasi-bosonic theory defined byλ QB andÑ QB flows to the quasi-fermionic theory described by:
We henceforth useÑ without any subscript.
Summary of Known Results
Let us denote the scaling dimension of the scalar primary j 0 in the quasi-bosonic theory as ∆ 0 , and the scaling dimension ofj 0 in the QF theory as∆ 0 . We define the anomalous dimension as:
Quasi-Fermionic Theory
The leading order 1/N anomalous dimension for the critical bosonic theory appears in [67] (see also [58, 60] ). We carried out a calculation of the order-λ 2 b correction to this quantity to obtain:
To order λ 2 f , the anomalous dimension in the regular fermionic theory appears in [57, 65] :
Quasi-Bosonic Theory
The order λ 2 f correction anomalous dimension in the critical fermionic theory can be calculated following [57, 68] to be:
To order λ 2 b , we calculated the anomalous dimension in the regular bosonic theory in to be:
This calculation appears in the appendix A.
Relation between the critical and non-critical theories
Equation (3.24) of [11] , derives the following relation betweenγ 0 and γ 0 :
Equation (3.6) is explicitly satisfied by the two-loop results above. However, it is a nontrivial constraint that must be satisfied to all orders in λ by our conjecture below.
Higher-Spin Results
The 1/N higher-spin spectrum for the quasi-fermionic theory, which is known to all orders inλ QF , is given by [57] :
Here γ QF s = ∆ s − (s + 1) is the anomalous dimension of the spin-s primary. A similar expression holds for the quasi-bosonic theory.
The expressions for the spin-dependent constants turn out to be identical 2 for both the quasi-bosonic and quasi-fermionic theories and is: While this result does not apply to the case of spin-0, it serves as an inspiration for our conjecture. One might be tempted to "analytically continue" the expressions for a s and b s in [57] , to s = 0, using While this so-called "analytic continuation" gives the correct answer for the value of γ 0 obtained from the two-loop calculation in the regular fermionic (bosonic) theory, it leads to an incorrect prediction for γ 0 andγ 0 in the critical bosonic (fermionic) theories atλ → ∞.
Our conjecture
Here, we conjecture that the anomalous dimension of the scalar still takes the form given by equation (3.7) for s = 0, and we attempt to determine constants a 0 and b 0 that satisfy the results listed in section 3.
Conjecture in Quasi-Fermionic theory: Theγ 0
We can determine a 0 and b 0 in the quasi-fermionic theory, by first expanding aroundλ QF = ∞:γ
We can now compare this the two-loop result from the critical bosonic theory (3.2). This yields:
We thus obtain the following expression forγ 0 :
Making a perturbative expansion aroundλ = 0, we find
which precisely reproduces the two-loop result in the regular fermionic theory (3.3), thus providing us a non-trivial test of our conjecture.
Conjecture in Quasi-Bosonic theory: The γ 0
Repeating this procedure in the quasi-bosonic theory, we again find that
All loop check of our conjecture
As a final non-trivial check of our conjecture we note that, using our expressions for γ 0 and γ 0 , we obtaiñ
which is exactly equation (3.6) and is satisfied to all orders inλ.
Anomalous dimension interms of λ b and λ f variables
Let us conclude by presenting the expression forγ 0 and γ 0 in terms of variables λ b and λ f variables. Using (2.1), we have:
and
Note that our conjecture also reproduces the all the known results reported in section 3.
Two-sided Padé approximation
Let us also observe that our conjecture can be thought of as a two-sided Padé approximation. In this sense, even if our conjecture turns out to be incorrect, it provides a good estimate for the anomalous dimension of the scalar primary that takes into account all known weakcoupling and strong-coupling calculations.
Consider making an (m, n)-Padé approximation of γ 0 as follows:
We only include even powers ofλ as the anomalous dimension must be parity-invariant. The (2, 2) Padé approximation has three unknowns. We have four perturbative data to constrain it:
• The fact that γ 0 vanishes whenλ QB = 0.
• A two-loop calculation γ 0 in the regular-bosonic theory.
• The value of γ 0 in the critical fermionic theory at λ b = 0.
• A two-loop (order λ 2 b ) calculation of γ 0 in the critical fermionic theory. Hence the Padé-approximation is overconstrained. Nevertheless, it is possible to fit all four results with following choice of three coefficients.
Repeating the calculation to obtain a (2, 2) Padé approximation for the quasi-fermionic theory, we obtain the same coefficients. However, we also have to impose the extra constraint of equation (3.6), which turns out to be automatically satisfied.
Hence, the simplest Padé approximation to the perturbative data we have seems to work very well. Of course, it is possible to obtain higher-order Padé approximations that satisfy all these constraints, so our answer is not uniquely determined by this procedure. But, it is an interesting observation that, for a variety of physical quantities, such as planar three-point functions [3] , planar four-point function of the scalar primary [48] , and the 1/N higher-spin spectrum [57] , a relatively simple Padé approximation defined using the variablesλ andÑ , happens to coincide with the exact answer.
A Perturbative Computations in the Bosonic Theory
Here, we compute the anomalous dimension of j 0 =φφ in the regular bosonic theory, i.e., SU (N ) k Chern Simons theory coupled to a single complex scalar field, up to two loops 3 . This provides an additional check of our conjecture. Our computation closely follows the calculation of the anomalous dimension of j 0 in the O(N ) theory carried out in [4] . All our calculations in this appendix are in the bosonic theory, so we drop the subscript b in what follows.We also refer to related perturbative computations in Chern-Simons theory which appear in [71] [72] [73] [74] .
Conventions and Feynman Rules
The classical action for the above mentioned regular bosonic theory is given by
In expanding the Chern-Simons action, we used tr (T a T b ) = 1 2 δ ab as our convention for group generators. We will express all the divergent diagrams that contribute to the anomalous dimension in terms of C 1 , C 2 and C 3 which are defined by the following relations
In the normalization that we have chosen for SU (N ) generators,
We work in the Landau gauge, as in [4] , for which we obtain the following Feynman rules:
The gluon propagator is given by
Ghosts do not contribute at this order.
Anomalous Dimension of j 0 at Two Loops
In this subsection, we calculate the anomalous dimension of the operator j 0 at two loops. The diagrams which we need to evaluate are given in figure 1,2,3 . The logarithmic divergences arising due to the loop correction of the propagators depicted in the diagrams (B1)-(B4) of the figure 1 are given as follows The logarithmic divergences arising from the corrections to the vertex depicted in figure 1 are given by
Following [65] , we use these results, to compute the O( 1 N ) logarithmic divergence of the two-point function j 0 j 0 to be:
Observe that we have re-expressed the result in terms of λ ≡ N k . Note that the loop corrections to the propagator should be taken on each of the two legs of the vertex diagrams (B1)-(B4) depicted in figure 1 and hence they contribute twice to the two-point function. The U (N ) result may be obtained by taking the large-N limit of the above. 
UV Finite diagrams
Apart from the diagrams depicted in fig.1 there are other two-loop diagrams which do not contribute to the anomalous dimension at order 1/N . They are depicted in Figure 2 . 
